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Abstract Structural and system reliability of a typical jet
vane (JV) thrust vector control (TVC) subsystem subjected
to stochastic loadings is investigated. Jet vane TVC
(JVTVC) is used in many aerospace liquid and solid
propulsion systems. For the purpose of this work, JVTVC
structural reliability of a solid rocket propulsion system is
computed using an explicit closed-form limit state func-
tion. The JV structure is influenced by the internal ballistic
loads emanating out of the solid rocket propulsion internal
ballistic, whose performance is modeled via a one-dimen-
sional uniform flow assumption at the engine steady
operating condition. Subsequently, JV structural reliability
is predicted using the methods of mean value first-order
second-moment as well as the first- and second-order
reliability methods. The reliability results of the analytical
methods are compared with Monte Carlo simulation for
verification purposes. Finally, a comprehensive sensitivity
analysis is performed to identify the key JVTVC and solid
rocket propulsion design parameters affecting the TVC
total system reliability. The parameters considered for
sensitivity analysis include the JV geometric and structural
properties as well as the solid rocket propulsion ballistic
and geometric features. It turned out that the vane support
arm radius and the vane area are the most important
strength and load design variables, respectively, that
impact the JVTVC failure reliability.
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Introduction

Reliability is considered as an important measure of
operational quality for high-technology systems and
industries such as aerospace. The reliability of a jet vane-
type thrust vector control (TVC) subsystem is investigated
in the current study. TVC is utilized as an alternative to
aerodynamic control surface in many aerospace solid and
liquid propulsion systems. Structural and system reliability
of TVCs is of importance as its failure renders the total
mission useless. There are three categories of TVC systems
used for thrust reorientation that include gimbaled nozzle,
secondary injection and mechanical jet vane deflection [1].
The jet vane TVC (JVTVC) is the most common and
convenient system among TVCs due to its simpler mech-
anism, smaller size and lower cost. Besides, it can also
provide three-axis controls that are absent in gimbaled
TVC. JVTVC is typically placed in the nozzle aft section
of the propulsion systems for rapid maneuvering and active
flight path control [2]. Figure 1 demonstrates the superi-
ority of JVTVC over conventional aerodynamic controlled
surfaces for pitch maneuvering [3]. Internal JVTVCs are
subjected to engine exhaust flow that comprises of heavy
mechanical as well as thermal loads during operation.
There are uncertainties involved in both the propulsion
system exhaust gas flow and the JVTVC system parameters
that affect its structural reliability. In this sense, structural
reliability reflects the probability that the JV structure will
not fail while performing its task for accurate flight path
control. Although traditional structural design utilizes the
concept of load-based safety factor, the load and strength
distributions are simultaneously considered in reliability-
based structural design approach [4, 5]. This is important,
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Fig. 1 Comparison of pitch maneuver between jet vane TVC and
aerodynamic control [3]

as the safety factor-based design potentially increases the
structural weight.

Also among the related existing literature, there are a
few studies focused on erosion and ablation modeling of
JV that emanates out of their interaction with the hot
combustion gases [6, 7] and address the design issues as
well as prediction of forces produced by the jet vanes [8].
Solid rocket motor (SRM) and launch vehicle structural
reliability have also been investigated by the current
authors [9, 10]. The current study covers static structural
reliability analysis of jet vane TVCs at critical operating
condition, using analytical techniques via an explicit limit
state function (LSF) where structural reliability is verified
using Monte Carlo simulation. The work concludes by a
safety factor computation and a complete sensitivity anal-
ysis that identifies the JV key design parameters affecting
its reliability. The remaining parts of this paper are arran-
ged as follows. “Load Analysis and JV Structural
Modeling” section details out the jet vane load analysis,
structural modeling and specifications. “Reliability Anal-
ysis” section describes the theory of reliability and
different related techniques. A comprehensive sensitivity
analysis is given in “Sensitivity Analysis” section, fol-
lowed by a discussion of results and conclusions in
“Discussion of Results” and “Conclusions” sections,
respectively.

@ Springer

Load Analysis and JV Structural Modeling

The basic principle behind the determination of JV forces
is similar to that of supersonic wings. Assuming isentropic,
steady one-dimensional supersonic flow, the vane normal
force can be computed as [11],

N = % pv*SCx (Eq 1)
where p and v are the nozzle exit density and velocity,
respectively, and S is the vane area. For a thin vane of
arbitrary shape in two-dimensional supersonic flow, lin-
earized aerodynamic theory provides the normal force
coefficient as,

4o

— Eq 2
e (Eq 2)

where o represents the vane angle of attack and/or deflec-
tion in radians that is taken at its maximum for reliability
analysis and M is the nozzle exit Mach number. Two-di-
mensional results are usually corrected via an aerodynamic
correction factor # that yields an improved approximate 3D
value for the normal force coefficient [2, 3]. Substituting
Eq 2 into Eq 1 results in the total normal applied force on
the vane as

N = 2pv2Sna

Eq 3
T (Eq 3)

The nozzle exit gas properties (M, v, p) at the vane
location can be calculated analytically using gas dynamic
theory and nozzle flow relations. The exit flow Mach
number can be computed from the famous implicit area—
Mach number relation [11],

y+1
Ae 1 2 y—1_,\]|%D
—=— 1+—M
A M LH—I ( N 2

where A, and A, are the cross-sectional area of the nozzle
exit and nozzle throat, respectively, and y is the isentropic
parameter (ratio of specific heats). The nozzle exit velocity
can also be calculated as,

(Eq 4)

v =M-/yRT (Eq 5)

where /yRT is the speed of sound, R is the exhaust gas
constant, and T represents the nozzle exit flow temperature
that can be determined from an isentropic relation

T y—1
LU

T M (Eq 6)

where T is the chamber stagnation temperature. Again,
Substituting Eq 6 into Eq 5 yields the final expression for
flow velocity at the vane location.
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VRTy
PR B (Eq 7)
I +5-M

Additionally, the nozzle exit gas flow density can be
computed from the following equation,

P

- Eq 8
P =27 (Eq 8)

where P is the gas flow pressure at the nozzle exit that can
be also computed by,

P, 0 V= 1 ) "_1
—=|14+—M Eq 9
B ( + (Eq 9)
where P is the SRM combustion chamber pressure. Thus,
substituting Eqs 6 and 9 into Eq 8 yields the nozzle exit
density as,

Py
p= — (Eq 10)
RTo(1 + 5 M2)7"!

Putting it all together, i.e., substituting Eqs 7 and 10 into

Eq 3, results in the net normal applied force on the JV,
2
N— 28noPyyM : (Eq 11)
VMZ — 1(1 + 5 M)

where the exit flow Mach number can be computed using
the nozzle geometric characteristics via Eq 4. Figure 2
shows a set of four JVs arranged in cross formation. For
three-axis control purposes, at least three jet vanes are
needed that make a 3 out of 4 systems from the reliability
point of view. Further, if the jet vanes are assumed iden-
tical and independent, the JVs system failure probability
will be equal to [12]:

Plysen = 1 = (4(1 —pp)’ =301 —Pf)4)

where py denotes a single vane failure probability that will
be subsequently computed.

The vane support arms (VSA) are usually under shear
loads, bending and torsional moments. While the shear
load and the torsion moment are constant throughout the

(Eq 12)

Rear view

Fig. 2 Typical jet vane TVC located at the nozzle exit of SRM

arm span, its bending moment will vary with the spanwise
location with a maximum value that occurs at the base
(supported end). Figure 3 illustrates the shear force N,
bending M, and torsion moment T, at a typical section of
the vane.

Note that z-axis is parallel to the resultant force exerted
on the jet vane and the x-axis is parallel to vane axis of
rotation. The maximum shear stress due to the normal load
N occurs along CC’ and given by [13],

4N
34

where A = nr? is the cylindrical VSA cross-sectional area
of radius r. The JVTVCs are assumed to be initially
symmetric about the axis of rotation (x-axis); however, due
to erosion, ablation and also fabrication uncertainties, their
center of pressure location, ycp, will not necessarily be zero
during flight. Thus, one can assume ycp to be zero mean
random variable (RV) with pre-specified experimental-
based variance. In this sense, the torsional moment about
the x-axis of rotation will be:

T, = NyC.P

N (Eq 13)

(Eq 14)

Moreover, the maximum shear stress due to tensional
moment 7, occurs at the circumference of the cylindrical
VSA that is,

T,r
= (Eq 15)
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Fig. 3 Load and sign conventions at a typical section of the vane
support arm
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where J = nr? / 2 is the VSA polar moment of inertia that
is tangent to the circumference of the VSA. Finally, the
total maximum shear stress occurs at point C or C’ and is a
combination of both shear stresses discussed above,

Nycpr 4N
max — Eq 16
! J + 3nr? (Eq 16)

On the contrary, maximum bending stress occurs at the
top or the bottom of the cylindrical VSA (points B or B')
and calculated as,
M,r

. (q 17)

OM,,max =
where M, = Nx is the sectional bending moment whose
maximum values occur for xcp, that is the distance
between vane center of pressure and VSA base, and [ =
nrt / 4 is the VSA area moment of inertia. Failure occurs
when the von Mises stress exceeds a specified threshold
value governed by the material type. In turn, von Mises in a
three-dimensional stress condition is computed as [13],

% |:(0X B 0)’)2—1_(0-)’ - UZ>2+(O-Z - O-x)

2
gy, =

o (Eq 18)
+ 6(1)2@ + T_%Z + fo)}

where oy, 6y, 0;, Ty, T,; and 1, are typical components of
stress whose values could depend on some basic random
variables x reflecting geometric and structural properties as
well as TVCs load uncertainties. Subsequently, substitution
of Egs 15 and 17 into Eq 18 gives the maximum von Mises
stress at point B (or B') as,

Nxcpr)® Nyc.pr :
oo = | (%57) (75

And similarly, substitution of Eq (16) into Eq (18) gives
the maximum von Mises stress at point C (or C').

1/2
(Eq 19)

Table 1 Jet vane and SRM design RVs characteristics

N 4N
Trpp = V3 [ yerr | } (Eq 20)

J Ry

Finally, the failure due to yielding of a three-
dimensional continuum according to the von Mises yield
criterion occurs based on violation of a newly defined limit
state function (LSF), i.e., g(x) <0

g(x) = o, — max[oy,,,, 0] (Eq 21)

where g,(x) represents the TVC material allowable stress.
In reality and as mentioned above, there are always some
uncertainties associated with the JVTVC system design
variables in terms of geometry, material and ballistic
properties of SRM that are characterized in Table 1. Please
note that coefficient of variation (COV) of the design RVs
can be usually selected by an expert designer or determined
via available experimental data.

Reliability Analysis

The structural failure probability is defined as [23]

Py = P(g(x) <0) = /

g(x) <0

Su(x)dx (Eq 22)
where fx(x) is the joint probability density function (PDF)
of random variables x and the integration is to be per-
formed over the failure domain g(x)<0. For many
practical applications,g(x) is a highly nonlinear function of
x consisting of numerous RVs. In these cases exact
numerical integration of Eq 22 is an impractical task.
Therefore, several approximate methods have been devel-
oped. A possible approach with acceptable accuracy will be
via Monte Carlo simulation (MCS) by utilizing a large
number of samples [14]. As the direct Monte Carlo method
is usually time-consuming, there is a tendency toward

Random variables Unit u COV (%) Distribution type
Nozzle throat diameter, D; m 0.35 5 Bounded normal
Nozzle exit diameter, D, m 1.2 5 Bounded normal
Vane area, S m2 0.06 1 Bounded normal
Isentropic parameter, y 1.18 5 Bounded normal
Chamber pressure, P, MPa 8.0 5 Bounded normal
Aerodynamic correction factor, 5 0.75 1 Bounded normal
Tensile strength, o, MPa 300 0.66 Bounded normal
Vane center of pressure, xc p m 0.15 5 Bounded normal
Vane center of pressure, yc.p m 0 o =0.01 Bounded normal
Vane angle of attack, o deg 15.0 1 Bounded normal
Vane arm radius, r m 0.02 1 Bounded normal
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analytical approximation methods such as the first- and
second-order reliability methods (FORM and SORM) [15].

Mean Value First-Order Second-Moment Method

Computation of multiple integrals in Eq 21 requires fx(x)
over all of the jet vane and SRM design RVs that are
seldom accessible. However, the mean and standard devi-
ation of individual RVs are usually known to a logically
acceptable degree of precision. In this way, mean value
first-order second-moment (MVFOSM) provides an
approximation for reliability via first-order Taylor series
expansion of LSF around the mean values of the RVs. The
MVFOSM reliability index f is described as [16].

f— g(py)

\/ (Va8)xep Zr (V&)
where p, and X, are the mean and covariance matrix of x
and Vg is the gradient vector of the g(x) with respect to

the x. Moreover, for py <0.5, probability of failure is found
by

pr = O(—p)

where @ is the standard normal cumulative distribution
function.

(Eq 23)

(Eq 24)

First-Order Reliability Method

FORM is one of the most common and reliable techniques
of structural reliability estimation. In this method, the
following optimization problem must be solved in the
independent standard normal space U [22].

n

minful| = | /3" u?
u

— (Eq 25)

subject to g(u) =0

where ||-|| stands for the norm of a vector and g(u) is the
LSF in the U space. The solution of Eq 25 is called design
point or most probable point and denoted by u*, and
accordingly, the reliability index will be ff = ||u*||. Again
for pr <0.5, pr is found by Eq 23. To solve Eq 25, various
algorithms such as Hasofer—Lind and Rackwitz—Fiessler
(HLRF) [15, 17] and improved HLRF (iHLRF) algorithm
[18] are developed.

Second-Order Reliability Method

When the LSF is highly nonlinear, the SORM may be more
accurate than the FORM. The SORM utilizes a second-
order approximation of the LSF around the design point.

Breitung derived the following formulation for the
approximation of the SORM [19],

n—1 1
pr = @(=P) E NiET
where f is found via FORM and # is the number of basic
variables. In Eq 26 k;, i =1,...,n — 1 denotes principal
curvatures of the g(u) at the design point. To compute the
main curvatures x;, the following symmetric matrix must
be calculated [20]

. PHP" _[Bll Bl2:|
IVuG(u)|| ~ [Bly  bun

(Eq 26)

B (Eq 27)
where By is the (n— 1) x (n — 1) matrix formed by the
first n — 1 rows and columns of B, H is the n x n second-
derivative matrix of the LSF in the standard normal space
U evaluated at the u*, and P is the orthogonal rotation
matrix which rotates u into a new space U , where the nth
row of the rotation matrix P is o,

u=~Pu, o= VuG')

= WG (Fa 2

Finally, x; are the eigenvalues of By;.
Monte Carlo Method

MCS is also among the common methods utilized for
structural reliability computation and often times as a
means to validate other methods such as FORM and/or
SORM. The disadvantage of MCS is the intense compu-
tational burden. Equation 22 can be written in another form
as

pr= | Klgx) <O (x)ax (Bq 29)
where the integration is performed over the entire sample
space and k is an indicator function defined by,

Ham<m={1 if g(x) <0 (Eq 30)

0 otherwise

Note that Eq 29 represents the expected value of
k[g(x) <0] that can be rewritten in terms of the frequency
of occurrence, or in other words as:

1 Ny
pr = D _klg(x) <] (Eq 31)
5 =1
or
Ny
M Eq 32
14 N, (Eq 32)

where N and Nt are the simulation number and the number
of observations favoring g(x)<0, respectively. The
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required simulation number in the direct MCS can be
estimated as

(Eq 33)

where 0, is the COV of the failure probability where
small values of J,, are desirable. The direct Monte Carlo
technique requires a large number of simulations to esti-
mate the structural reliability, particularly for small values
of pr. However, the number of sample runs can be sig-
nificantly reduced wusing some variance reduction
techniques, such as directional sampling, Latin hypercube
sampling, importance sampling, conditional expectation
[21]. In this respect, Monte Carlo with importance sam-
pling (MCIS) is one of the most common techniques for
variance reduction in structural reliability assessment that
requires less computational effort in comparison with the
direct MCS. To develop the MCIS, Eq 29 can be
rewritten in U space as

Pu(0)
= [ M) <0, P o (w)a
where h, is the importance sampling density function and
@, 1s the standard normal density function in U space. Note
that h, is selected such that a large number of the samples
fall inside the failure domain. In practice, h, is chosen as a
normal density function with mean values equal to the u*
obtained from the FORM analysis. Now Eq 34 can be

interpreted as the expected value of the k[g(u)<0]%

(Eq 34)

with respect to the importance sampling density function,
thus

~

1 0y (u;
f=— Y klg(u;)<0]—+ Eq 35
pe = D Hle(u) <0132 (Eq 35)
In this procedure sample points are concentrated around
the design point and thus require less simulation runs as

opposed to direct MCS.

Table 2 Comparison of different reliability methods

Sensitivity Analysis

Sensitivity analysis can be used as a tool to improve the
structural reliability of the jet vane. In the previous section,
common techniques of structural reliability assessment
were discussed, most of which rely on the means and
variances of the design RVs. Now, if the reliability turns
out to be lower than the required value, one can change the
mean values or reduce the variances of the RVs to enhance
the vane reliability. In this respect the sensitivity analysis is
the most effective approach that identifies the key design
variables affecting the jet vane reliability. It also enables
one to ignore RVs that are least influencing the reliability,
and as such, they could be deterministically specified in the
design process. In this regard, the normalized importance
vectors 6 and 5 are defined as

op
(5,'— a'ul g; (Eq 36)
op
= , Eq 37
171 ao_i Oi ( q 3 )

where J; and #; are the sensitivity of  with respect to the
variations in mean and uncertainty of the RVs,
respectively.

Discussion of Results

Table 2 shows a comparison of reliability results obtained
via various methods discussed in “Reliability Analysis”
section for single JV as well as for a set of four JVTVC. To
verify the efficiency and accuracy of various reliability
assessment methods, MCS and its enhancement approach
of MCIS have also been implemented and reported. Please
note that Table 2 includes the number of LSF evaluations
N, as well as the number of iterations N, pertinent to each
technique. It is observed that the analytical FORM/SORM

Single vane

System
Method p Dr N> Error (%)* Dt gysiom
MVFOSM 2.6643 0.00386 23 1 — 7.39 8.89 x 107>
FORM 2.1834 0.01450 92 4 —2.16 0.00124
SORM (Breitung) 2.1769 0.01474 598 4 — 0.54 0.00128
Direct MCS 2.1749 0.01482 2.4 x 10° 2.4 x 10° 0.00129
MCIS 2.1749 0.01482 6.0 x 10* 6.0 x 10* 0.00129

aWith respect to the MCS
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results are compatible with Monte Carlo simulations,
though MCIS needs less computational efforts. In addition,
as noticeable in Table 2, FORM and SORM techniques
need 92 and 598 LSF evaluations, respectively, while
direct MCS convergence occurs for a large number of
samplings (2.4 x 10°). The failure probability error of all
methods as compared with Monte Carlo is also included in
Table 2, showing that SORM is more accurate than FORM.
Moreover, SORM result is in good agreement with MCS
with a failure probability error of less than 1.0 percent that
reflects a reliability index of f = 2.17609.

For additional highlights of the current study, the MCS
results are utilized to determine the PDF of maximum
applied von Mises stresses, where the material strength
PDF is also available from Table 1. Figure 4 shows both
PDFs whose overlapping area is proportional to failure
probability. Deduced from Fig. 4, one can assess the mean
value of the maximum von Mises stress and its corre-
sponding standard deviation that is 202.757 and

T T T
Normalized histogram for maximum
applied von Mises stress

PDF of maximum applied von Mises
stress

=== PDF of material strength

Fig. 4 PDFs of maximum applied von Mises stress and strength

Table 3 Importance vectors

39.045 MPa, respectively. Similarly, the mean and stan-
dard deviation of the material strength are 300 MPa and
300 x 0.0066 MPa, respectively (see Table 1). Thus, the
safety factor of the assumed jet vane structure can be
estimated to be 1.48 that shows the importance of relia-
bility-based structural design and its correlation with
reliability analysis. If one performs similar computations
for a JVTVC system having higher COVs (for example,
with a 20 percent increase in all COVs of random param-
eters in Table 1), a failure reliability of 0.03478 will be
obtained, while the safety factor remains the same as 1.48.
This shows the importance of reliability analysis and that
the factor of safety alone is not a good criterion for
structural design as it may only cause structural over-
design.

Next, the reliability index sensitivity with respect to
variation in means u, and standard deviations a,, of all jet
vane and SRM design RVs x; is performed whose results
are presented in Table 3. Note that the sign of #; is always
negative that means the structural reliability decreases with
increased level of uncertainty in the design variables. The
sign of J; identifies the variables’ type, where a positive
value indicates the corresponding RV as a strength-related
random variable. Similarly, Table 3 indicates that nozzle
exit diameter, isentropic parameter, VSA radius and the
tensile strength are among the strength variables whose
increase in mean values raises the JV reliability. On the
other hand, the nozzle throat diameter, vane area, chamber
pressure, aerodynamic correction factor, vane center of
pressure and the vane angle of attack are among the load
variables whose increase in mean values decreases the JV
reliability. Moreover, Table 3 shows that the reliability
index sensitivity is highest for the VSA radius, and thus,
vane support arm radius is considered the most important

Normalized importance vectors

Dimensional importance vectors

Random variables 5,-:%0',' ni:%ai ean, g—{f’
Nozzle throat diameter, D, — 0.5562 — 0.6756 — 31.7824 — 38.6058
Nozzle exit diameter, D, 0.6338 — 0.8773 10.5632 — 14.6222
Vane area, S — 0.0535 — 0.0063 — 89.2366 — 10.4479
Isentropic parameter, y 0.3416 — 0.2552 5.7906 — 4.3254
Chamber pressure, P, — 0.2606 — 0.1485 — 0.0000 — 0.0000
Aerodynamic correction factor, 1 — 0.0535 — 0.0063 — 7.1389 — 0.8358
Tensile strength, g, 0.0354 — 0.0027 0.0000 — 0.0000
Vane center of pressure, xc p — 0.2606 — 0.1485 — 34.7504 — 19.7986
Vane center of pressure, yc.p — 0.0009 0 — 0.0877 0
Vane angle of attack, o — 0.0535 — 0.0063 — 20.4515 — 2.3945
Vane arm radius, r 0.1614 — 0.0570 806.9806 — 284.7512
@ Springer
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strength design variable impacting the jet vane reliability
positively. On the contrary, the vane planform area has the
most negative impact on the reliability. In this sense, one
can increase the reliability by increasing the vane arm
radius while reducing the vane planform area. Of course, in
a realistic design process one usually should compromise
between important design parameters to achieve optimum
results in terms of system reliability, total weight and flight
performance. The latter is beyond the scope of the current
work, but the reliability indices and their help identify the
key design parameters as demonstrated in Table 3. Finally,
the reliability index sensitivity seems to be insignificant
with respect to ycp, and thus, it may be considered
deterministic in reliability analysis which is another
advantage of performing the sensitivity analysis.

Conclusions

Structural and system reliability of a jet vane (JV) thrust
vector control (TVC) system subjected to a number of
uncertainties is investigated. These uncertainties are asso-
ciated with the JV and solid rocket motor key design
variables that include material and ballistic properties as
well as some geometric characteristics. Reliability analysis
is performed via a proposed explicit exact analytical limit
state function (LSF) using various schemes such as first-
and second-order reliability methods (FORM and SORM).
In turn, the results are numerically verified with the Monte
Carlo method and Monte Carlo simulation with importance
sampling. Results indicate that the suggested scheme and
the proposed exact LSF can be successfully utilized for
reliability-based JVTVC design purposes. Moreover, a
FORM-based sensitivity analysis demonstrates that the
vane support arm radius and the vane area are the most
important strength and load design variables, respectively,
that impact the JVTVC reliability. Further research direc-
tives being conducted by authors include dynamic
reliability analysis to determine time-dependent JVTVC
reliability and development of a solid—fluid interaction
model to determine the impact of combined fluid and
thermal loads on JV structural reliability as well as failure-
based system reliability computations. In this sense the
current study paves the way for many more scientific
researches on JV-type TVC reliability-based design and
analysis.
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